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TEE GALCULATION OF CERTAI N STATI C AEROELASTIC
PHENOVENA OF WINGS WITH TIP TANKS OR
BOOM-MOUNTED LI FTI NG SURFACES

By Franklin W Diederich and Kenneth A. Foss
SWMMARY

The matrix-integration nethod of NACA Rep. 1000 for cal culating
static aeroelastic phenomena iS extended to the case of a w ng with
concentrated aerodynamc forces at the tip due to tip tanks Or boom-
mounted lifting surfaces. A simplified method of cal cul ati on which is
based on the concept of the semirigid wing and which utilizes the pre-
sumably known seroelastic characteristics of the wing alone is presented
for cases in which the aerodynamc interaction between the concentrated.
force and the remainder of the wing can be neglected. The nodified
matrix-integration method has been used to calculate sone static aero-
elastic characteristics of an unswept wing with a tip tank, and both
met hods have been used to calculate the characteristics of a 45° swept-
back wing with several boommounted lifting- surface configurations.

The results of these calculations show that the presence of a tip
tank on an unswept wing tends to deteriorate its statiC aeroelastic
characteristics and that a lifting surface geared to the aileron and
mounted on a boom ahead of the tip of a sweptback wWing may inprove the
static aeroeimstic characteristics of the wing to a sufficient extent
to warrant consideration of such a vane as a device for relieving
adver se asercelastic effects.

INTRODUCTION

The matrix-integrati on method of references 1 and 2 for calculating
static aeroelastic effects of swept wings of arbitrary stiffness inplies,
as do nost other methods of staticC aeroelastic anal ysis which treat the
W Ng essentially as a simple beam that the vertical shear, monent, and
torque at the tip are zero. The presence of concentrated forces and
moments at the wing tip violates this assunption to the extent that

UNCLASGIFIEL
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they are discontinuous at the tip. One case in which such forces are
of interest is a wing with a tip tank. Another case is a wing wWith a
boom nmounted lifting surface.

This conbi nation may be of interest because a surface nounted on a
boom ahead of the tip of a sweptback W ng introduces |arge twisting
moments and, if the surface is mounted such that its angle of attack is
the sane as that of the wing tip, it causes twisting of the structure
in a direction such as to oppose the effect of the bending defornmations
hence, bK reduci ng the net change of angle of attack due to w ng defor-
mation the vane tends to reduce the shift of the aerodynam c center due
t 0 aerocelastic action. Since aerodynam c forces due to an aileron
deflection cause tw sting and bending deformations both of which give
rise to aerodynamc forces which tend to oppose those due to the aileron
deflection, increasing the tw sting deformation by neans of a boom-
mount ed surface only tends to aggravate the loss of lateral control due
to aileron deflection. However, if the surface is geared to the aileron
so that it pitches up when the aileron is deflected downward, it tends
to reduce the anount of |ateral control |ost because of aercelastic
action. Furthermore, it may increase the lateral-control power sub-
stantially under certain conditions when there is no aeroelastic action
as, for instance, when the aileron is relatively ineffective because
of boundary-|ayer accunul ation or because of shock on the w ng ahead of
the aileron. Consequently, a boomnounted geared lifting surface
appears to warrant consideration as a device for alleviating adverse
aeroelastic effects.

For these reasons the method of reference 1 is extended to the
case of concentrated forces at the wing tip in the present paper. In
this nodified method, most of the matrices used in the analysis of the
wi ng alone by the nethod of reference 1 can also be used in the cal cu-
lations for the wing with the concentrated force at the tip. If
serodynemic-induction effects between the wi ng proper and the body
producing the concentrated aerodynamic force under consideration are
negl ected, a sinpler method may be used to cal culate the desired aero-
elastic effects. Such a nethod is also described in this Paper; It
consists of correcting the presumably known eercelastic effects of the
wing alone for the presence of the concentrated force in a manner sug-
gested by the semrigid-wng concept.

In order to illustrate the results obtainable by these nethods
cal cul ations have been made for an unswept wing with and without a tip
tank and for a 45° sweptback wing with and without several. boom mounted
lifting-s-ace configurations. In the case of the sweptback W ng,
cal cul ations have been made both by the matrix-integration and the
sinplified nethods with substantially identical results. The results
of the calculations are discussed and certain conclusions are drawn, a
know edge of the nethod of analysis is not required for an understanding

of this discussion.
I
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SYMBOLS

aspect ratio

| ocation of |ocal aerodynam c center rearward of |eading
edge, fraction of chord

| ocation of wing aerodynam c center rearward of |eading edge
of mean aerodynami c chord, fraction of nean aerodynanic
chord

Wi ng span

wing span |ess fuselage width

constants defined by equations (58)to (6é1)

constants defined by equations (69) to (71)

rigid-wing lift-curve slope per radian
A}

coefficient of demping in roll (rolling-moment coefficient
for linear antisymmetric twi st of 1 radian at wing tip)

pi t chi ng- moment - curve slope per radian
chord parallel to free stream

average chord (s/b)

section 1ift coefficient (2/qc)

di stance parallel to free stream between center of pressure
of boommounted lifting surface and elastic exis

bendi ng stiffness

| ocal position of elastic axis rearward of |eading edge
fraction of chord

di stance along chord fromelastic axis to section aerodynam c
center, fraction of chord (see fig. 1)

distance along chord from elastic axis to center of pressure
due to aileron deflection, fraction of chord (see fig. 1)
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GJ torsion stiffness

- factors defined by equations (22) and (33)

K gear ratio between boom notion and aileron notion
K, Spring constant of boom

A coefficients definedby equations (%), (41), ang (66)

(6T)y pr
k dimensionless parameter <(ﬁ-)-£ b'/2 tan A

e, C 2
r 1r cos®A

coefficients defined by equations (68) to(71)

%2,3,4
L 1ift
A section lift
M accunul ated bending noment (about an axis parallel to free
stream unless specified otherw se)
M, free-stream Mach pumber
P concentrated normal force
q dynam ¢ pressure
.-
I (E—) e1 EQCOS A
a* di nensi onl ess dynam c pressure a2 a qQ
\ @
By
i mensi onl esss ic pressure
d Gynanic p \ (EI), cos A g
T accunul ated torsion moment (about an axis perpendicular to
pl ane of symmetry, unless specified otherwise)
t section pitching (or torsion) monent per unit length
perpendi cular to plame of symmetry
R concentrated pitching noment or torque
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Subscripts:
a

BD

wing area
volume of tip tank

| at eral ordinate nmeasured. from plane Of symmetry
. . . v
di mensionl ess lateral ordinate (ﬁé}

| ocal amgle of attack, radians ("-s . cr.g)

total angle of attack, including increment due to aeroelastic
action, radians

angular deformation of boomat |ifting surface, radians
effective angle of attack due to unit aileron deflection
ch!dS
d.Cz/dCL
| ocal dihedral or spanwise sl ope of elastic axis, radians

ai eé.on defl ection (in planes parsllel to plane of symetry),
radi ans

moment-arm ratio (ee/el)

| ateral distance fromw ng root

dimensionless | ateral distance (b" 2)

angle of sweepback at el astic axis
taper ratio (Tip chord/ Root chord)

angl e of twist about elastic axis, radians

pertaining to antisymmetric case or to aileron

at divergence of boom
.,
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at dive
geomet ri

due to
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rgence
c (built in or due to airplane attitude)

concentrated normal force

at reversal or due to concentrated pitching nonment

at wing
due to

at wing

root or reference value
structural deformation

tip or pertaining to tip tank

pertaining to boom mounted lifting surface. or in the
presence of the lifting surface

due to

due to

angle of attack

aileron deflection

referred to axes parallel and perpendicular to elastic axis

rigid wng (g« =g = 0)

Superscripts:

c
)
R

o]

Matrices

[1

{}

(A
L1

due to concentrated force and noment
due to concentrated normal force
due to concentrated pitching nmonent
due to aileron deflection

square matrix

colum matrix

row matrix

di agonal matrix
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[1] identity matrix

[lt] matrix defined by equation (29)

[a] aeroelastic matrix (equation (13a))

[z] suxiliary sercelastic matrix (equation (13b))
[Aﬂ aileron-reversal matrix (equations (21) and (32))
[B] matrix defined by equati on (28)

{h}, {H} Matrices defined by equations (1} and (30)

[T1,[II) single and double integrating matrices fromtip to root
(prime mark on symbol I or || designates an integrating
matrix for & function which goes to zero with infinite
slope at wing tip)

r1"’ single integrating matrix fromroot to tip
|T1{> EI]J first rows of matrices [I] and [11]

fql matrix. of aerodynam c influence coefficients

METHOD OF ANALYSIS

Matrix - Integration Method

Resume of method of references 1 and 2.- The nethod of references 1
and 2 1S based on nunerical Integrations of the equations of structural
equi libriumby neans of suitable integrating matrices. These integrating
matrices, together with other matrices. and constants which describe the
structural, aerodynamic, and geometric properties of the given wing, are
assenbl ed i nto aeroelastic, auxiliary seroelastic, and ail eron-reversal
matrices, fromwhich the structural tw st at any dynamic pressure, as
wel | as the dynam c pressures required for divergence and reversal, can
be determned. The method of references 1 and 2 was nodified slightly
in the followi ng résumé.

The limtations of the method of references 1 and 2 are discussed
in those papers; they arise from the assunptions that the spanwise 1ift
and pitching-nonent distributions can be predicted for any given angle-
of -attack distribution by means of the aerodynam c influence coeffi-
cients and that the structural deformations can be predicted by simple
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beam theory plus rigid-body rotations inparted by the root. (In refer-
ences 1 and 2 a nethod is also presented for usi n? structural influence
coefficients measured on the actual wing or calculated by nethods nore
refined than simple beam theory; this nmethod can be extended to the
case of wings With concentrated forces at the tip in the same manner as
employed in the present paper for the method based on sinple beam
theory. )

The loading coefficient ccyfc for any section of the wing

parallel t0 the stresm may be determined for any angle-of-attack dis-
tribution by nmeans of suitable aerodynam ¢ influence coefficients Qg

and Q (for synmmetric and entisymmetric |ift-distributions, respec-
tively) in the form

{%} = CIu[Qa] {a} + Czdasa {;;:a} (1)
e}

where a iS the total angle of attack at a given point on the span due
to geonetrical setting and structural deformation, Cro 'S the rigid-

wing lift-curve slope, Czd is the negative of the coefficient of

A

d

ficient due to aileron deflection for a unit equivalent angle of
attack oagd; the matrix [ % is used for the sake of definiteness.
Approximate influence-coefficient matrices Qg and Q, may be calcu~-

lated for subsonic flow by the method of reference 3. The lift on any
section can then be witten as

-« {—_l} (2

and the section pitching nonent about the elastic axis in planes
parallel to the free stream can be written as

ccC
danping in roll, and{gcz—} is CL times the section |oading coef-
(5]

(5 - el g B - i1 £, 3)

Ly

where the subscripts a and & serve to specify the lifts due to the
| oading coefficients represented by the first and second termon the
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right-hand side of equation (I), respectively, and where € is the
ratio of the nonent arme, to the nonent arme;. (See fig. 1.)

The par amet er 1. is an arbitrary reference value of the dinension-
| ess section monment arme,.

The section lift and section torque given by equatioms (2) and (3)
can be integrated by means of integrating matrices to obtain the
accumul ated bending and twi sting noments at any section about a pair of
axes parallel and perpendicular to the free stream, respectively, wth
their origin at the elastic axis at that section. Thus,

i - (2)° 510 ()
@y = B EE) - sen 4 {} (5)

where the matrices [I] end [II] are defined and given in refer-

ence 1. If the 1ift distribution goes to zero with infinite slope at
the wing tip, the matrices nust be modified to teke this fact into
account; the resulting matrices are designated by [I*Y] and [IIf],
respectively.

The bending and twisting nonents obtained inthis manner can be

transferred to axes along end perpendicular to the elastic axis; the
resulting noments are

{MA} = Cos A {M} - sin a{T} (6)
{Ta} = sin a{M} + CO5 A {T} (7)

The structural twist ¢ and the slope of the structural-deformation
curve I' can then be obtained by an integration of the products Tu/GT

and MA[ET, respectively. These integrations can be performed numeri-
cally by neans of the matrix [T]*', which, for equally spaced stations,

is the double transpose of the matrix [T]. Consequently,

- it [ e ®
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(EI) ‘l{ ) ”

If so desired, any rotations imposed by the root of the wing or the
carry-through bay can be taken into account at this stage as shown in
reference 1. Equations (8) and (9) are based on sinple beam theory
and, therefore, are not velid for wings of very |ow aspect ratio.

{r} =

(EI) cos A (£]

The angle of attack due t0 structural deformation «g can be
determ ned from

{O‘s} = Cos A {g} - sin A{T} (lo)
and, when equations (1) to (9) are substituted into equation (10),
{oe} = e*[E] s} - avogd {t} (12)
wher e
' 2 ~cos
_ CLa(b /2) elr A q (12)
(63),.
11 {](GT) (GJ) (EI) e
[A] = [ ﬂL — r‘} + (EI): tanZAL—Ef—r_” [1] -i—r gl -
EI
|2 EHJ] [ (130)
['] - [1]"““““] R E;‘g: mEAL——‘E)r_n [] F—i; g“ [ +
kﬁ?r [11]] (13b)

L
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v} = [E]{=L- (14)
3!

= 1
(EI),. e]_rE cosA (15)
¢
. - Cz_& (16)
Lg

and where ay is the effective angle of attack due to unit aileron’
deflection. If the rigid-wing, lift-curve slope Cr in equation (12)
i's based on a nonlinear 1ift curve, the value of Cr shoul d be taken .

at an average angle-of-attack condition. For symetric cases the
matrix ['Qs'_l is used instead of [Qa] in equation (13) and the second

termon the right-hand side of equation (11) is disregarded; for lift
distributions which go to zero with infinite slope at the tip, the

matrices [f end E[I‘:I are used in equations (13) and (14) instead
of 11 and I[l
The aercelastic equation (11) can be solved for «4 and for the

dynam ¢ pressure at divergence or reversal in the menner described in
references 1 and 2. Specifically, the reversal speed can be obtained

by determining the eigenvalues of a matrix tRl obtained in the fol-
du

| o ng manner: At reversal the rolling nonen e to aileron deflec-
tionis to be zero, so that

cLaqE(%f(mss ol {2}« (el {as}) -0 am
wher e
[750) = () 175 + 5 ¥ a9
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and where, in turn, LIIl_! and Ill_f are the first rows of the
matrices [II:] and [I]. Hence,

agh = - |TTo) [Ra] {=s} (19)

so that, qun substitution of equation (19) into the second term on
the right-hand side of equation (11), this equation becomes

{ea)} - Ps] {=a} (20)
where the aileron-reversal matrix Eli is defined by
(AR “[A] + 2 {8} |15] [&] (21)
and

CCZ

¢ - lrel {7 2
3

In the derivation of equation (20), the total angle of attack {a} has
been repl aced by{aa%} in equation (11) because the geometric angle
of attack has no effect on aileron reversal.

Modi fications reauired for inclusion of tip forces.- As a result
of the fact that the nmethod of references 1 and 2 uses the equation of
structural equilibriumin integral rather than in differential forns
the inclusion of concentrated tip forces is accomplished quite readily
by including additional matrices which introduce the effect of the con-
centrated forces at the tip in the aercelastic and aileron-reversal
matrix. These matrices are then treated in the same manner as those
for the wing without concentrated forces. In essence this procedure
amounts t 0 performing a Separate analysis for the wing with and wthout
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the concentrated forces, although many of the matrices calculated in

t he wing-alone anal ysis can be used in the other analysis. This method
IS subject to the sane |imtations as the method of references 1 and 2;
in particular, the serodynemic forces on the wing must be predictable
by means of suitable influence coefficients.

If the normal force at the tip is Py and has a pitching moment Ty

about the elastic axis in a plane parallel to the plane of symetry,
equations (%) and (5) becone

00 = (B4 + B - n9fe} (23)
{r} = 13-21-[1] {t} - ten A {4} + {Ty} (21)

The colum matrices {Py} and {Ty} consist of elements all equal

to Py and T, respectively, and n* is the dimensionless lateral

distance fromthe root to the station at which the bending and twlsting
moments are obtained. If the concentrated force and noment are due to

aerodynamic action they may conveniently be expressed in terns of dinen-
sionl ess coefficients as

Py = clt,_tq-st(“'t + KB) (25)

Ty = ch_qust(mb + K8) (26a)
or

Ty = cmu_tq‘_’-t(a-b + K8) (26b)

where a is the value of the total angle of attack at the tip and
where equation (26a) pertains to a boom-mounted |ifting surface with a
center of pressure at a distance d ahead of the elastic axis, and
equation (26b) pertains to a tip tank witk volume V.. For the sake of
definiteness equation (26a) is used in the following anal ysis. The

factor K in equations (25), (26a), and (26b) is the gear ratio between
the boom deflection and the aileron deflection. In the case of a tip
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tank or in the case of a lifting surface which is not geared to the
aileron, the factor Kis zero.

Wien equations (4) and (5) are replaced by equations (23), (24),
(25), and (26a), the aercelastic equation (11) becomes

fas} = o*[[4] + [2] [Lt]] {o3 - axa 8 {h} 27)

wher e

L(GJ) ] (a0l (El)rﬂ

GJ (EI),. L ET

c
La‘t S‘t Y re
L8] :CLQ E(b'/e)[] \l

L(EI)r_' 2 - n*‘l‘l (28)

. 001
..0001

D] =] 0001 (29)
L ......

{8} = @} - %[B] {13 (30)

and {1} is a colum all the elenents of which are equal to 1.

The aercelastic equation (27) can be solved in the same manner as
equation (11) for {as} or for the dynamc pressure at divergence. An

aileron-reversal matrix can be calculated in the manner enployed to
obtein equation (22). The rolling nonent due to aileron deflection

vani shes when
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or, 2 (ool {;:;d} RIENNR

CL% S¢ CL%

where the last two terms on the left-hand side represent the rolling
monent of the 1ift on the boa-mounted lifting surface and where the

matrix jig] is the first row of the mtrix [ig . If agd is

obtained from equation (31) and substituted into equation (27) the
resulting equation is identical in form with equation (21), except that

the aileron-reversal matrix is replaced by a new matrix [Aﬂ_

o] - [ + BEI2e] + ;—.{E}LLHOJ R + %--a%?)l}t_lJ (32)

where

Cy,
r ccy ey By g
8" = *[*] Eﬁzd}>s Cr,, =(b/2) & (53)

Sinplified Method

The sinplified method is applicable in cases for which the aero-
dynamic interaction between the wi ng proper and the source of the con-
centrated aerodynamic force at the wing tip is neglected. This nethod
consi sts of determining the aercelastic twist of a wing subjected to
concentrated torques (or pitching noments) and normal forces of known
magni tude applied at its tip at one dynam c pressure. This infornmation
Is combined with the aerodynam c characteristics of a boom-mounted
lifting surface, and the results are extrapol ated over the range of
dynam c pressures of interest on the basis of the semrigid-wng con-
cept; the dynamic pressures at divergence and reversal are determined
from this extrapolation.
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This sinplified method is subject to the sane limitations and to
two others, as well. The semrigid concept furnishes a useful basis for
extrapol ati on of aercelastic results only if the |owest root of the poly-
nomial for the dynsmic pressure at divergence is nmuch |ower in absolute
val ue than the next higher one, as seens to be the case for actual wings.
Al so, as developed in this paper, aerodynanmic interaction between the
source of the concentrated force and the wing proper is not taken into
account. If the magnitude of this interaction can be predicted it can be
taken into account In the sinplified method by certain nodifications, as
discussed in a later sectkon, but in such a case it may be nore expedient
to use the other method presented in this paper.

The effect of concentrated forces of known magnitudes on the aero-
el astiC characteristics ol a wng alone.. Iif a conceniraied rormal
force P and a concentrated pitching nonent R are applied to the wing
tip, the bending and tw sting noments about axes parallel and perpen-
dicular to the plane of symmetry are

{M =22 1} (34)

{1} = ~tana {M} + R {1} (35)

From these nonents the angle-of-attack change «,¢ caused by these con-
centrated forces can then be calculated fromequation (10) by using

equations (6), (7), (8), end (9). The resulting expression for g C
my be witten as

{“sc} - oSO8 A(b'/2) [I]"[%] {l} .

(¢a), GJ

sinzA(b'_/_Q) [I]HL(EI);I {1}} i

(EI), cos A EI
H 2 1t (EI)
eGP - o 5

‘SounintER
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where a4 ¢ is the angle-of-attack change produced directly by the con-

centrated forces without the presence of esercelastic effects. |If the
concentrated forces are caused by a boom mounted lifting surface and if
t he aerodynamic-induction effect of the wing on the lifting surface can
be neglected, then

P O Sva(w + X3 (37)

R = cl-a.vqua(q'b + Ks) (38)

where aop is the angle of attack of the wing at the tip end includes

both the angle of attack due to airplane attitude and that due to
structural deformation. Substitution of equations (37) and (38) into
equation (36) ylelds an expression which may be reduced to

fash = (2 + w)ar {KR {& - {al’}} (39)

wher e
c
_ e
KP_E"—LO.__V—b' k (40)
¢ 3
C
L g
Kp = g% —Lr =5 (1)
I..a' C-? lr

{F =S| 6 - v (42)



18 L NACA RM 152422

H=b ]"“(GJ) :] - §§-i§;‘ *“maf‘[(;?r” {1 (43)

‘ = BL__ oquation (43) reduces to
f(GJ)r (BI),. f (43)

{8} - ( o0E tan 2>EIJ”L(EI) ]{1} (44)

Aeroelastic effects on the angl e-of -attack change due to concen-
trated forces .- The aercelastic effects of the angle-of-attack change
due to the concentrated forces given by equation (39) can be cal cul ated
by introducing this angle-of-attack change in the right-hand side of
equation {11) provided that the aerodynam c-induction effects of the
boom mounted lifting surface on the wing are neglected. Hence

£ - w00 {feg +f} + G- wmun 09

or

E_l'l - g¥ [Ai[ {agp = a*[A] { g} + ax[A] { } q*agd {hp (45)

wher e {ﬁ‘s} IS the columm which describes the angle-of-attack changes
caused by esercelastic action due to all three forcing |oadings or angles

of attack {a.g}, {cr.sc}, and {h} and where, in turn, {asc} can be

considered to consist of two parts, as indicated in ec%uatl on (39).The
most conveni ent way of solving equation (45) consists eval uating

separately the contributions of {czg}, {a }, and {h}. For this purpose
equation (45) can be rewitten as '
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LT - o [a]] {Eg} = {oe} (46)
L] - axpag] {35 - {*} (47)
L4 - ax[a]] {ER} - {8} (18)

[Lﬂ - q* [A]] {%5} = -agd {n} (k9)

where & is equal t0 a, plus the part of oy due to a; and thus

is the total (or net) angle of attack due to airplane attitude and the
amount Of aeroelastic deformeticn associated with that angle of attack

at the given value of g*; Similarly & and” & are equal to &
and o® plus the anount of aercelastic deformation associated with
these angle-of-attack distributions at the given value of * and a8,
when nultiplied by g*, is the amount of aercelastic deformation associ -
ated with aileron deflection. 1n the matrix [A] which occurs in equa-
tions (46), (47),and (48), [Q.] has to be used for symmetrical flight

and E;I_ for antisymmetricel flight; in equation (49), [ % is used.

The total angle-of-atteck distributions due to all forcing angle-of-
attack distributions and their associated aercelastic increments are then

R L1t BT RS S

and hence, at the wing tip

ay = Tg, + (o + )aX(&pT" - GTF) + ava, O (51)
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so thatthe angl e of attack of the boomnounted lifting surface is

Sy, + K& + q¥a. D
gt 54
a, + K8 = (52)
— R —_
1 - q,*(KRo'.t - KPa.tP)

- The static aercelastic analysis of a wing With a boom-mounted
lifting surface at a given value-of g* may therefore be perforned as

follows: The col ums {'&g} and {%5} are obtained as part of the

analysis of the wing alone. For the vane, the parameters K, and Kg
as well as t he colums {aBP} and. {“sR} aecal cul ated from equa-

tions (k0), (¥1), (42), and (43). Hence, the colums {EP} and {ER}
are obtained by solving equations (47) and (48),ragnertivelv L. 7f

Crout*s method (reference 4) was used to obtain {ag and %%y

the evaluation of the two new colums requires very little additional
effort; if series-expansion or iteration method was used to0 calcu-

| at e{ % and «g® , then a new iteration is required, which should

converge nore rapidly than that for since experience indicates

(%)
t hat {a‘f} and {aR} tend to approxi mate the dom nant nodal col um

of the matrix [A] nore closely than does a, .. The angle of attack

{

of the 1ifting surface can then be deternmned f on? equation (52), hence,

the new angl e-of -attack distribution from equation (50) and, finally, the

lift distribution fromequation (1). The 1ift on the lifting surface
itself can be obtained from equation (37).

Extrapolation Of aercelastic Characteristics calculated for one
value of q* to other values of g*.~ The foregoing procedure can be
repeated for any value of g* of interest, but the values of q%; and

g*, cannotbe obtained directly from =his analysis. In order to calcu-

R
| ate these vawesand to permt the extrapolation of results cal cul ated
by the method indicated in the preceding paragraph, the semrigid-wng
concept may be used provided that the |lowest root of the polynomal for
the dynam c pressure at divergence is nuch lower in absol ute val ue than
the next hi ?her one. In essence, this concePt consists of reducing the
degrees of freedominherent in the structural deformations of the w ng

hen
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to two by stipulating shape of the bending and tw sting deformations
and cal cul ating the magni tude of each.

For the purpose at hend, the results of a semrigid analysis can
be obtai ned by considerirg a rigid constant-chord wing permtted to
rotate about hinges at its root parallel and perpendicular to its
| eadi ng edge subject to the restraint of a torsion and a bending spring
Wi th constants Kp and Ky, respectively. 1In %hls case, the 1ift on

one half-wing is
% = or,a B(ag + o)
The twi sting nonent about the torsion hinge is
Tp = ec COS AQ
The bending noment about the bending hinge is

MA = 7 b/2 L
cos A 2

where ¥ is the dinensionless |ateral center of pressure. The angle
of twisting defornmation is

©= KpTp
and the angle of bending deformation is
r = KA

so that the angle of attack due to structural deformation iS
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Ag =@ cos A =T s8in A

q*(l - k)(ag + @S) (53)

where the paraneters q* eand k are simlar to those previously
defined but are defined in equation (53) as

* = 2 §
g¥ = qKT cos ACLaelc S

— M tan A T*(b/2)
cos@A ‘1

The solution of equation (53) can be expressed either as

a*(1 - k)
1-(1- k)o*

G.s o

or

o =

,
1- (1 x)q* ©

where a = agt as. Since divergence wll occur when

the preceding equations can be witten as

_a*/aXp
" g s (54)
Y
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and

(55)

As shown in reference 5 equation (54) yields a good epproximation
to the angle of structural deformation of an actual wing for all values
of g*, if a constant C obtained from an analysis for one value of qx#
is introduced. This constant is different for each peint al ong the span
and for each geonetric angle-of-attack comditior. Wth this nodification

. a*¥/a¥y
Q.*D

vhere a* and g%, are now defined in accordance with equation (12)
for the given wing. Hence,

a = 1- (1 -0) (a%/a%y
q_*

q*D

) “g (57)

For the wing with a boommounted lifting surface the following
approxi mat e expressions can be witten:

. = 1__(1_-01)(q'*/q*D). g, (58)

&y, q*

&" = (59)
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A (1 I 03;(:1* a*p) o P (60)
- &
Ty B = -agd il Gl C”)ﬁq*/q*n) h, (61)

St _a*

q*D

where q*; is the value at divergence of the parameter q* defined by
equation (12) for the wing alone and where by is the last elenent of

the colum i} By calculating &g , &%, &F, and “sta at one

val ue of g* from equations (k6), (47), (48), and (49), the constants
C1s Cp, C3, and ¢, N equations (38), (59), (60), and (61) can be

eval uated. - These equations can then be substituted into equations (52)
and (50) to yield, respectively,

@y + KB = = (l "0 cl)g;S)agt * (l ) %;E)KB - qﬁuaS(l -(1- Cu)%;ﬁ)ht

a* 1 _ R a* P a*

(62)

and

@« - - - - 2 -0

Q.*D

a*(oy + K5 {KR[.Ll_} - g:_DLl - cg'}] {ol - IcPl_Ll‘l - g:—nLl - 031-,{&’}} (63)

Equation (62) gi ves the value of af + K& at any val ue of a*.

QeI
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Calculation of g* at divergence and reversal. - The value of g*
at divergence of the wing with-a boomnounted |ifting surface can be
obt ai ned by equating the denom nator of the fraction on the right-hand
side of equation (62)to zero. This procedure yields the quadratic
equation

2
-4\ - R . P, 13\ 1L
a*. (KRu’t KPa't + a% )q*
Dy D/ = Dby

a%];((l' Co)Kpas® (1 - C3)KP%P) =0 (64)

whi ch can be solved for 1|q*DV and, hence, for q*Dhr’ the val ue of qg*

at divergence of the wing with a lifting surface. O the two val ue

of Cig obtained in this manner, the smaller one in absol ute magnitude
v

Is the critical one unless it corresponds to a negative value of %’

in which case the larger is the critical one unless it also corresponds
to a negative %’ in which caSe the wing cannot diverge.

In order to calculate the reversal speed of the wing-with-lifting-
surface combination, the sum of the rolling moments of the |ift distri-
bution due to structural twist and to aileron deflection and of the
rolling moment caused by the lift on the be-mounted lifting surface
Is set equal to zero, as in equation (31) which may be rewitten as
follows:

|TTo] I:Qa_]{a} + kagd| ITg| {;;i } + Ky(ap + K8) =0 (65)

dj s

wher e

K‘V=

C
CE"— S (66)
L

c(v/2)

. ¥
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The val ue of {&} required in equation (65) can be obtained from equa-

tion (63). However, the effect of the approxi mations made in obtaining
equation (63) can be mninized by first substituting equation (50) into
equation (65) and then approxi mating the nonents of the various |ift

distributions in the manner enployed tc approxi mate the angles of attack

in equations (58) to (61). For the sake of convenience J{a} maybe

calculated for ogd = 1 and agd Set equal t0 1 in equation (65); in

the subsequent derivation this sinplification is assumed to have been
made. This procedure yields the equations

or

(a‘t + %)(‘1*1(17{1(2(1 - (l - 0'2)%;_;) - q*KPK3<l - (1 - 013)%:_])) N

K.v(l - %)) - q*Kh(l - (1 - C'u)%) + »dc(,( - .g_z..) =0 (67)
D D D
whfrel.. . Kp, K3, Ky, Cl'zs C'3, and ¢*) are defined by the
rel ations
cC
[ =
{ "ds
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¥*
1-(1-ct)

[550] 2] {2} = ey (69)
Q.*D

N O
Q.*D

| 319 [Qa]{ass} = K, - (;L i ;h)ﬁ (T1)

- e

The coefficients X,, K,, and K) are equal to the matrix products on
the left-hand sides of equations (69), (70), and (n) with the

columns {u.R} , {or.P}, and {h} substituted for {ER} s {EP},
and (5} respectively. .. c! ct and Ct
{as » TOEP V' ‘coefficients ~ & °3 L can

then be obtained by evaluating the left-hand sides of equations (69),
(70), and (7i) with the colummns obtai ned by solving equations (4¥7), (48),
and (49) at one value of qg* and substituting that seme value of g*
and the previously calculated vaiues (¥ K, K, end K,on the right-

hand sides of equations (69}, (70), ana (71).

The val ue of o + K(aﬁ given by equation (62) can be substituted
into equation (67) to yield

(1 _ i\ _ [ _1-C 1 1-6%Y 1 _l-cg
(“*Rv (Q*Rv “*D)“s (“*Rv D )hb)éRKz(‘l*Rv “p KPK3(“*RV % ) "

Ky /1 1 .
o* (u.* ) F)) * q*l '(q*l -1\ goRrf Ll _1-CF
AV E T R\ R, q*D) “Rt(q* ?) +

Ko Pl _ L1 = C3\\[®Ko, 1 A \og {1 _L-cCw\\_
L (q*Rv a*, ))(Q*RV (q'*Rv q'*D) h(q_*Rv ) ) 0 (72)
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By collecting the terms of equal powers of q*% equation (72) can be
reduced to a fourth-degree polynominal in q*Rv « O the four roots of

this polynomal the |owest real one of appropriate sign (to correspond
to a positive value of q) represents the critical aileron reversal
speed.

Calculation Of the effect of boom flexibility.- The effect of the
bending flexibiTity of the boom on static aercelastic phenonena can
easily be taken into account in the method of the preceding sections.
The flexibility of the boommay be defined by the angle-of-attack change
of the lifting surface due to boom deformation per unit normal | oad
applied at the lifting surface in still air K.

The change in angle of attack of the lifting surface due to boom
flexibility is then, as a result of equation (37),

boy = PRy
= Or, Sydtp(og + KO + Aa;) (73)
or
oy + Ks+m.t=1—3:71*—at+xa) (74)
- P
wher e *m is the value of g* required for divergence of the lifting

surface as a result of boom flexibility, that is, considering the wing

rigid. The value of a*g, 1s given by

d%cosA

q*BD K—BKR(GJ)r (75)

Equation (74) indicates that in order to take boom flexibility into
account the angle of attack of the lifting surface a; + K& nust be

)
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repl aced by the product of this angle and the factor % Thi s
1

-
BD
procedure is equivalent to multiplying either the lift-curve slope or
the area of the lifting surface by this factor. Consequently, equa-
tions (50), (52), (62),and (63)are valid for the flexible-boom case
provided the factors Kp and K, in these equations are divided by the

factor 1 -i*—. The angle of attack of the lifting surface relative

qQ
BD
to the free stream can be obtained by dividing the values given by equa-
tions (52) and (62)by this factor. The dynamic pressure at divergence
can be obtained fromequation (64) if the term l/q*BD is added to the

three ternms within the second parentheses and to the two terms within
the third parentheses on the left-hand side of that equation. Simlarly,
the dynam c pressure at reversal can be obtained from equation (72) if

the term —2x L _ L ) underlined in equation (72) i S multipiied by

q'*Rv \q*Rv q*D

the factor g* f—m— - —2\.

The procedure outlined in this section can alse be used to take into
account the effect on static aeroelastic phenomena of the flexibility of
the lifting surface itself by cal culating the value of g* required to
diverge the 1ifting surface and using this value instead of a¥*gp.

Comparison of the Two Methods of Conputation

A conparison of the numerical results of the two methods may be had
fromthe following tabulation of sone of the results for the case of the
wing - lift--surface conbination at subsonic speeds with k, = 0.02,

d

1.5, gear ratio 1, and an infinitely stiff boom di scussed in a

cy
subsequent section of this paper:
Method axy axgl 3)
Matrix-integration -0. 1692 1. 368
Simplified -. 1699 1.375




30 CONIEDRRY] NACA RM L52a22

In this tabul ation q*R(3) is the third root (in absolute magnitude) O
the polynomial for g*,; the |owest two roots are complex conjugate

nunbers and, hence, have no physical significance. There is good agree-
ment between the results of the two nethods.

In view of the satisfactory agreement of the results of the two
methods and in view of the fact that the sinplified nethod is generally
| ess tinme consuming than the matrix-integration method, the sinplified
method appears to be preferable in all cases where it is applicable,
particul arly when wi ng-al one cal cul ations have been made previously or
when a number of configurations involving different tip forces are to
be anal yzed for the ssme basic wing. The matrix-integration nmethod is
more widely applicable than the simplified nethod; when the sinplified
method is applicable the matrix-integration method is preferable only
in the case where the source of the concentrated |load is permanently
installed, so that no wing-alone calculations need be made.

The extension of the two methods presented herein to the cal cu-
| ation of the aercelastic effects of concentrated forces |ocated at
points on the span other than the tip presents a problemin that such
a force gives rise to nonent and torque distributions which are either
di scontinuous or have a discontinuous slope. Such distributions cannot
generally be integrated accurately by the sinple nunerical methods On
whi ch the integrating matrices used in this paper are based. However,
special integrating matrices which take these discontinuities into
account can be set up for the purpose of calculating the structural
deformation for any concentrated force or noment at a given point on
the span. Also, interpolating matrices can be devised for cal cul ating
the angle of attack at a given point on the span in terms of the angle
of attack at the points on the span used in the aeroelastic anal ysis.
By incorporating these interpolating and special integrating matrices
in the method of references L1 and 2 in a manner simlar to that indi-
cated for tip forces in the present paper, a nethod can be obtained for
taki ng concentrated aerodynam c forces at points other than the tip
into account in aercelastic cal cul ations.

SCOPE OF THE ILLUSTRATIVE CALCULATIONS
Unswept Wng with Tip Tank
The matrix-integration nmethod presented in the preceding section
has been used to calculate sone static aercelastic characteristics of

an unswept wing with a tip tank. The geonetric and sone of the struc-
tural and aerodynam c characteristics pertinent to the aerocelastic

)
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analysis as well as a plan form of the tip tank are given in table 1({a).
The wing plan form and the tank are the same as those used in refer-
ence 6, and sone of the aerodynamic data used in the present paper have
been obtained fromthat reference; the wing |ift and noment coefficients
are those for the wing With section B with and without the tank with
seal ed gap at a Mach nunber of 0.8. The tank Iift and nonent coefficient
(referred to the mean aerodynam ¢ chord and one-half the wing area) are
for the tank on the wing with section A and gap open, since these data
are not available for section B and gap closed. The lift-curve slope
and the monent-curve slope given in table 1(a) for the tank-on configu-
ration are those for the wing alone in the presence of the tank; they
have been obtained by subtracting the lift and nmoment or the tank from
the total 1ift and nonent on the w ng-tank combination.

The stiffness distributions EI/(EI)I. and GJf(eJ), of this wing

are assumed to be identical and are given by the dashed-line curve in
figure 2. They were obtained by means of the constant-stress concept

of reference 5 for the inner 70 percent of the semispan; in the outboard
3f0 pﬁrcer?t dof the semispan they are assuned to vary as the fourth power
of the chord.

The rigid-w ng spanw se 1ift distributions of the wing alone, for
uniform angle of attack, for linear antisymetric twi st and due to
aileron deflection were obtained by the method of reference 7 and are
given in figure 3 by the lines labeled g* = O The spanw se 1ift
distribution for the wing with the tank at a uniform angle of attack was
estimated by distributing the additional |ift carried by the wing due to
the presence of the tank near the tip; the resulting distribution over
the part of the wing not blanketed by the tank is shown in figure 3(a).
The rigid-wing lift distributions for the other two angle-of-attack con-
ditions were then estimated by using the method of reference 3in con-
Junction With the lift distribution for uniform angle of attack estimated
in this manner. The factors ki, ko, 3 and k, required in the

met hod of reference 3wereobtained fromthe figures of reference 3for
the aspect ratio which a wing wthout a tank would have to have in order
to have the same |ift-curve slope as the actual wing in the presence of
the tank. The rigid-wing |ift distributions for the part of the wing
not covered by the tank calculated in this manner are shown in fig-

ures 3(b) and 3(c) by the lines |abeled g* = O Aerodynam c influence
coefficients for this wing were calculated by the nethod of reference 3
using the 1ift distributions shown in figures 3(a) and 3(b).

The spenwise variation of the local aerodynam c-center positions
of the wing alone was estimated from an analysis of |ifting-surface
cal cul ations and experinmental |y obtained pressure distributions on
simlar wings and was adjusted to correspond to the pitching moment
measured in reference 6. This variation was modified slightly for the
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tank-on configuration by using the assumed spanwise variation of the
additional lift carried by the wing due to the presence of the tank as
wel | as the assumed chordwise | ocation of this increment in [ift obtained
on the basis of the pitching-monent data of reference 6. The spanwise
variation of the noment amm e which is the difference between the

| ocal aerodynanic-center and elastic-axis locations, is shown in fig-
ure 4(a). The reference val ue of ey, Was taken as the val ue

of cmo'./cLo. for the wing alone.

The local centers of pressure due tc aileron deflection were
obtained from the assumed section center of pressure due to aileron
deflection (42 percent chord), the |ocal aerodynamic-center pOSitions,
and the spanwi se 1ift distributions due to aileron deflection by the
nmethod outlined in reference 2. The dimensionless distances e, of the

centers of pressure due to aileron deflection fromthe elastic axis (see
(fig. 1) are also given in figure 4(a).

In t he aeroelastic cal cul ations the wing was assumed to be nounted
on a reflection plate, as in the tests of reference 6, so that b»' = b.
The smal | angle of sweepforward of the elastic axis (1.6°) was negl ected.
All root-rotation constants (see reference 1) were assunmed to be zero.

‘Calculated for wing with tenk on and off were the dynanic pressure
at divergence and the dynamic pressure at reversal; also calculated for
several values of q/qD were the spanwise |ift distributions due to

uniform angle of attack, due to linear antisymmetric twist, and due to
aileron deflections, the lift-curve slopes, the coefficients of danping
in roll, the rolling-noment coefficients due to aileron deflection, the
gparllwise centers of pressure, and the rolling velocity per unit aileron
efl ection.

Sweptback Wng w th Boom Munted Lifting Surface

The geonetric characteristics, as well as some of the assuned aero-
dynam c and structural characteristics of a L5° sweptback wing, for
whi ch aercelastic cal cul ations similar to those described in the pre-
ceding section have been performed, are presented in table |(b). The
stiffness di stributions have been estimated in the same manner as that
enpl oyed for the unswept wing and are presented in figure 2. The rigid-
Wi ng spanwise 1ift di stributions at subsonic speeds were cal cul ated by
the method of reference 7 and are shown in figure 5 by the lines
| abeled g* = O Aerodynanmic influence coefficients for subsonic speeds
were calculated by the method of reference 3. For supersonic speeds
strip theory was used; the resulting 1ift distributions are shown in
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figure 6. The noment arms e; and e, for subsonic speeds were esti-

mated in the manner enployed for the unswept wing and are shown in fig-
ure 4(v); for supersonic speeds the values were estimated from linearized
t wo- di mensi onal theory. Reference values for e, of 0.2 and O were

used arbitrarily in the calculations for subsonic and supersonic speeds,
respectively.

As in the case of the unswept W ng the sweptback Wi ng i s considered
to be nounted on a reflection plate, and all root-rotation constants are
assuned to be zero. The aerodynamic interaction between wing and boom-
mounted |ifting surface has been neglected in the cal cul ations.

No specific boomnmounted-lift--surface plan forns have been con-
sidered; the surfaces are characterized in the calculations by the area
ratio

¥

C
Loy
Cy,

o

~ e s

by the monent-arm ratio dfcy, by the gear ratio K of lifting-surface
notion to aileron notion, and by the boom flexibility Kor the dimen-

sionless dynani c pressure for boom divergence a*5n defined in equa-

tion (75). Calculations have been nmade for the conbinations of these
paraneters shown in table 2. The conbinations for which c% = O have

no physical significance and are used only to illustrate certain trends.

For each of these combinations the aeroelastic information listed
at the end of the preceding section was calculated using the sinplified
met hod; for nost of the conbinations, excluding those With flexible
boons, cal cul ations were al so made by the matrix-integration nethod.

a

For a configuration with K, .0.02 and=. 1.5 calcul ations have
been nmade for an ungeared |ifting surface (case 3)as well as for a
geared lifting surface with gear ratio K = 1 (case 4); the cal cul a-
tions for all other cases have been nade only for a gear ratio of 1.
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RESULTS AND DI SCUSSI ON
Unswept Wng with Tip Tank

The lift distributions of the unswept wing with and without tip
tank for the three angle-of-attack conditions considered are shown in
figure 3 at severel values of qg*. The values of g* for the wing with
the tank are based on the val ue of CLe, for the wing without the tank,

SO that for the same value of g* the dynamic pressures for the wing
with and without the tip tank are the same, since all other quentities
that enter into the definition of g* are the same for both cases.

The effect of aercelastic action is, as expected, to increase the
lift at all points on the span, particularly in the region near the tinp.
This increase is mch nore pronounced for the wing with tip tank than
for the wing without tip tank; even at somewhat |ower values of the
dynam c pressures (g* = 0.192 as opposed to g* = 0.255) the #ncrease
inlift on the wing with the tip tank is much greater than that on the
wing without the tip tank. These two values of g* represent the same
fraction of Q¥ and differ from each other because gqg*, is different

R
for the two cases.

The wing lift coefficient, lateral center of pressure, rolling-
monent coefficlent, and rate of roll obtained by integrating the lift
distributions shown in figure 3are presented in figure 7 as functions
of the dimensionl ess dynamic pressure gq* referred to the val ue of CLa

for the wing without tip tank, as in figure 3 The lift 1s seen to

i ncrease much nore rapidly for the wing with 1)he tip tank than for the
wing without the tip tank; the spanwise center of pressure is farther
outboard at g* = O and noves outboard nore rapidly with increasing g*
for the wing with the tip- tank than for the wing wthout the tip tank.

At g* . 0 (rigid wing) the rolling-nmoment coefficient due to unit
aileron deflection is 0.220 for the wing without tip tank and 0.291 for
the wing with tip tank; for the wing without tip tank it decreases with
increasing gq*, whereas for the wing with tip tank it increases with
increasing g*., The coefficient of damping ian roll is 0.436 for the
wing Without tip tank and 0.685 for the wing with tip tank; it increases
with increasing g* in both cases but nuch nore rapidly in the case of
the wing with tip tank. The rate of roll is less at g* “O for the
wing With tip tank than for the wing without tip tank and decreases nore
rapidly with increasing g*.

The value of g* required to diverge the wing without tip tank is
1,021, and the value for the wwing with tip tank is 0.380; the value
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of g* required to reverse the lateral control of the wing without tip
tank is 0.819, whereas for the wing with tip tank the reversal speed is
hi gher than the divergence speed, the value of a*y being 0.409. (The

value Of Q* for antisymmetric di vergence of the wing with tip tank
is 0.388.)

As may be seen fromthe results presented in the preceding para-
graphs, the tip tank tends to have a very unfavorable effect on the
static aercelastic characteristics of the wing; for instance, the
dynamic pressure required to0 diverge the unswept wing with the tip tank
considered in this paper is very mich lower than that required to
diverge the wing alone. This is due in part to the higher lift carried
by the wing and the nore forward | ocal aerodynamic centers, particularly
near the tip, that result fromthe presence of the tank and in part %o
the concentrated noment introduced by the tank precper. Consequently, a
wi ng which does not diverge by itself nmay diverge in the presence of the
tip tank. Actually, the wing may destroy itself even before reaching
the | owered divergence speed, because as it approaches this speed, the
| ateral center of pressure noves so far outboard and the lift-curve
sl ope becomes so large that a relatively small gust may overstress the

wing.

The val ues given here for the decrease in dynam c pressure required
for divergence and increase in severity of the static aeroelastic
phenonena, in general, may be somewhat pessim stic for two reasons. The
stiffness di stribution assuned for the wing is likely to be too |ow near
the tip conpared to actual airplanes. A somewhat higher stiffness near
the tip would tend to reduce the severity of the aeroelastic effects
greatly, since these effects tend to be quite sensitive to the stiffness
near the tip. Also the conbination of the aerodynemic data used in the
cal cul ations may not be realized on an actual wing. The |ift on the
wing-tank conbination was taken for section B (reference 6) with and
wi thout a tank with seal ed gap, but the |ift on the tank was obteined
for the tank on the nodel with section A and gap open, because no data
were available for the lift on the tank on a model with section B and
gap sealed. Also, the use of fins on the tip tank to overcome its
inherent pitching nonment would tend to reduce the severity of the static
aeroelastic phenomena.

The lateral-control power of the w ng-tank combination exhibits two
interesting features. The aileron reversal speed of the wing with the
tank i s slightly hi gher than the antisymmetric di vergence speed, and
the rolling moment due to aileron deflection increases with dynsmic pres-
sure . Figure 7(b) of reference 2 indicates that the dynamic pressures
required to reverse the lateral control of an unswept wing is propor-
tional to the reciprocal of the wnof the noment arns e; and e,.

If e, is zero the reversal and divergence speeds coincide, and if es
is negative; that is, if the center of pressure due to aileron deflection

G
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is forward of the elastic axis, the reversal speed is higher than the
di vergence speed because the 1ift due to aileron deflection tends to
Increase the angle of attack. The aileron reversal speed has no

physi cal meaning in such a case. As shown in figure 4 of the present
paper the assuned value of e, is negative over nost of the span in
the case of the wing with the tiﬁ tank; in the case of the wing wthout
the tip tenk, it 1s positive at the tip region, which i S instrumental
in determning the aercelastic characteristics-of a wing. For the same
reason the rolling noment due to aileron deflection increases wth
dynam ¢ pressure in the case of the wing with a tip tank but decreases
in the case of the wing without a tip tank.

No dynam c effects have been considered in the analysis O this
paper, so that nothing qualitative may be said concerning the flutter
characteristics of the wng with the tip tank nor its dynam c-response
characteristics in abrupt maneuver. However, there is reason to believe
the wing With tip tank may well be subject to unfavorable dynam c
phenonena for sone conditions of fuel mass in the tank at dynamc Bres-
sures even |ower than these at which static aerocelastic phenonena becone
| nportant.

Certain quasi-steady dynam c phenonena can be estimated by means of
the semrigid concept outlined in a preceding section, for instance, the
effect of rnertia in a pull-out at constant load factor. As leng as the
center of gravity is ahead of the elastic axis the effect of inertia is
to relieve the static aercelastic phenomena. Since the inertia forces
are related to the normal acceleration which, in turn, is related to the
lift, there is a definite relation between the inertia and aerodynam c
forces. If the assunption is made that the tail and the fuselage carry
no lift, then the dynamc pressure at dynamc divergence - that is, at
di vergence under conditions which permt the airplane as a whole to
accelerate in a direction normal to the flight path - can be estinated
by nultiplying the static divergence speed by the factor

where 4, is the distance of the center of gravity of the wing plus tip
tank ahead of the elastic axis of the wing, Mthe mass of the w ng plus
that of the two tip tanks, and Wg the mass of the ai@ane i ncl udi ng

. , > 0.2 thi
that of the wing and of the two tip tanks. Forede—W 8
1r
correction tends to yield values of qp which are somewhat t 00 high.)
Quasi -static dynamc effects can then be included approximtely in the
static aercelastic results presented in figures 3and 7by using the
value of g*D corrected in this manner in the ratio g*/qg¥*, used as
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a parameter and the abscissa, respectively, in these two figures. A
simlar but nore conplicated correction factor which takes into account
the lifts on the tail and fuselage may be devised.

Swept wWing Wth Be-Munted Lifting Surface

The spanwise 1ift distribution corresponding to three angle-of-
attack conditions of the swept wing With and w thout two boom nounted
l'ifting-surface configurations are shown in figure 5 for subsonic speeds
and for dinensionless dynamc pressures g* of Oand 0.169. Simlarly,
the spenwise |ift distributions of the swept wing with and w thout one
lifting-surface configuration are shown in figure 6 for supersonic
speeds and for di mensionl ess dynamic pressures q of O and 2.17. In
both figures 5 and 6 the |ifting-surfaces are considered to be nounted
on a rigid boomand geared to the aileron with a gear ratio of 1. The
di nensi onl ess dynamic pressures of gq* = 0.169 and @ = 2.17 both
represent the negatives of the dynam c pressures which woul d diverge
the wing Wi thout a 1ifting surface at subsonic and supersonic speeds,
respectively. The dimensionless dynami c pressure g is used for the
supersoni ¢ case because e, was taken as O for that case, so that g*

is Oregardless of q. The entisymmetric 1ift distributions are plotted
in the form cczl'éczd, which is eimilar to the form ccz/ECL used for
o

the symetrical cases; the coefficient czd is the negative of the con-
ventionally defined coefficient of danping in roll.

As may be expected, the aercelastic effect on the spenwise 1ift
distributions is very large at the relatively high dynam c pressures
represented in figures 5 and 6. The effect of the boom-mounted |ifting
surfaces, however, is alnmost negligible except near the wing tip and
except in the case of the [ift distribution due to aileron deflection.

The lift coefficients, aerodynamic-center |ocations, rolling-
nmoment coefficients, and wing-tip helix angles obtained by integrating,
the lift distributions shown in figures 5and 6are represented in fig-
ures 8and 9. As indicated in figure 8for subsonic speeds, the effect
of the lifting surface on the lift coefficient Zs negligible up to the
hi ghest dynamic pressures likely to be of interest, that is, for values
of g* between 0.2 and 0.3. The effect of the lifting surface with

C—OL: 1.5 on the aerodynamic-center shift is negligible, but the lifting
surface with % = 2.0 does have a favorable effect on the eerodynamic-

center shift; for q* = 0.2 the aerodynamic-center shift due to aero-
elastic action is 0.17 for the wing wthout a 1lifting surface and for
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the wing with the lifting surface Withc—d 1.5 but is only 0.14 for

t

the wing with the lifting surface with—= =2.0.
+

For the particul ar sweptback wing under consideration the rolling-
nmonent coefficient due to aileron deflection is substantially increased
by the boomnounted lifting surfaces at the highest dynamc pressures.
of interest. At g* = 0.2, for instance, the rolling-nonent coefficient

is increased about 50 percent by the Iifting surface with & = 1,5 and

about 100 percent by the lifting surface with — o = 2.0. These increases

are reflected in simlar increases in the wing-tip helix angle per unit
aileron deflection.

At dynamic pressures nuch higher than that corresponding to g* = 0.2,
the wings with lifting surfaces may diverge if the values of q* given in
table 2 are approached. For the wing without a lifting surface the
smal | est val ue of q*D is negative g* = -0.169),and the next |arger

one is also negative so that divergence is inpossible. ?/ be deduced
fromfigures 5, 6, 8, and 9 the divergence of the wings W|th ifting
surfaces is a very l'ocal i zed phenonenon,. affecting only the region of the
wing near the tip. The aileron reversal speed of the wing with lifting
surfaces tends to be much higher than that of the wing without lifting
surfaces. (See table 2.)

As shown in figure 9,the effects of boomnounted |ifting surfaces

on the =ercelastic behavior of this sweptback wi ng at supersonic speeds

are very simlar to the effects at subsonic speeds. The effects on the
lift coefficient and aerodynam c-center shift are very small for the

lifting surface with cig_t.s, but the rolling-monent coefficient and

the wing-tip helix due to unit aileron deflection are increased con-
siderably. The divergence speed of the wing with lifting surface is so
high as to be of no practical interest, but the aileron reversal speed
is relatively lower, conpared to that of the wing without lifting sur-
face, than in the subsonic case.

The lateral -control characteristics shown in figures 5,6,8 and 9
are for surfaces geared to the aileron with a 1:1 ratio. \Wen the sur-
face is not geared to the aileron the lift-curve slope, aerodynamic-
center location, coefficient of danping in roll, and divergence speed
are the sanme as when it is geared. The rolling noment and wing-tip helix
angle due to aileron deflection as well as the reversal speed are even
| oner, however, for the ungeared surface than they are for the wing wth-

out a lifting surface, for instance, at subsonic speeds %/(:7'8
0
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at gq* = 0,169 is 0. 261, 0.169, and 0.338 for the W ng wlthout a .
lifting surface, with ungeared surface, and wth geared surface respec-

tively; simlarly, at supersonic speeds ¢, ¢ at @ = 2.17 1is
ly 13,

0.276, 0.207,and 0.430, respectively, for these three cases. The values
of a* and q for reversal given in table 2 corroborate this trend.

I nasnuch as an ungeared surface does not greatly improve the stability
characteristics (aerodynamic-center shift) and is responsible for a
deterioration of the lateral-control characteristics it will not be con-
sidered any further. In the follow ng discussion the 1lifting surface
will be assuned to be geared to the aileron, the gear ratio being 1:1

not because this is necessarily the optimm value but because that is

thde value for which the calculations described in this paper have been
made.

The results presented so far for the sweptback wing with [ifting
surfaces have been for surfaces with an area ratio K, = 0.02 mounted
on idealized rigid booms. The effects of changes in lifting-surface
area (or lift-curve slope) and in boomflexibility are shown in figure 10
for subsonic speeds. This figure shows that in order to decrease the
aerodynani c-center shift due to aerocelastic action bel ow that of the wing
without a lifting surface a noment-armratio d/e, of 15o0r nore is

required regardl ess of the area of the surface, unless the boomis quite
flexible. An increase in the nonent-armratio from 1.5 to 2 or a decrease
in the boom stiffness frominfinite rigidity to a value of g%x__ of

about 0.% serves to decrease the aerodynamic-center shift nore than a
doubling of the surface area (fromk, = 0.02 to x, . 0.0L4).

Figure 10 al so shows that an increase of about Lo percent may be
had in the wing-tip helix angle due to unit aileron deflection of the

wing alone by adding a lifting surface with X, = 0.02 and L -1.5

on a rigid boom By increasing the area ratio to K, - g o4 cgr

reducing the rigidity of the boom until q*BD ‘g about 0.k an add?tional

60- percent increase may be had, but by increasing the noment-amratio of
t he lifting surface frorrft——= 1.5 to 4 _ 2.0 only an additional

. St
30- percent increase is obtai ned.

The dinensionl ess dynam c pressures required for divergence and
reversal of the wing-with-lifting-surface conbi nations represented in
figure 10 are given in table 2. For the conbinations with large nmonent
arm, surface area, or with very flexible boons, divergence of the |ocal
type nentioned previously is likely to occur at relatively | ow dynami c
pressures, in sonme instances so low as to be of practical concern. The
reversal speed of al11 configurations is far too high to be of interest.

O
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The effectiveness of a born-nounted lifting surface as an
aeroelastic-effect relieving device i s probably best illustrated by
figure 10. For the case considered in figure 10, that is, the swept-
back wing flying at subsonic speeds with a value of g* of 0.1687, the
aerodynam ¢ center is shifted 15 percent rearward fromthe rigi d-w ng
position. As shown in figure 10 for a lifting surface with an effective
area ratio X, of 0.02, a nonent-armratio d/e of 1.5 and a flex-

i ble boomw th g*;, equal to 1/3 (which is twice the value of g~

considered in the figure) this shift is reduced to 10 percent. Larger
val ues of K, and d/e, and |ower values of Q¥ are likely to be

i npractical because of dynamic (primarily flutter), mechanical, and

wel ght considerations. In varying these three lifting-surface param
eters it appears that nore benefit may be had by varying the nonent-arm
ratio than by varying the area ratio a corresponding amount but that

unl ess the monent-armratio is larger than about 1.5no0 inprovenment in
the shift of the aerodynanmic center is had at all. A substanti al

i mprovement in the shift of the aerodynam c center can be obtained br
increasing the flexibility of the boom but too flexible a boom can | ead
to |ocalized divergence of the wing, as well as to divergence of the
boom proper; as shown in table 2 the wing diverges when g* is 0.277

and 0.217 in the case of the lifting surface with k, = 0.02, -é—ig= 1.5,

and 9*5p equal to 1/2 and 1/3,respectively. The use of a flexible
boom is also likely to introduce flutter problens.

Figure 10 indicates that the lateral-control power and maneuvera-
bility characteristics may al so be inproved substantially by a geared
lifting surface; by using a lifting surface with gear ratio K = 1,
K, = 0.02, % = l-5,and9.*BD§':the wing-tip helix angle is twce
that of the wing without a lifting surface. Agsin, a variation in the

monent-armratio appears to be nmore effective than a proportional

increase in the area ratio but, again, a mninum val ue of c-i- about %

£ (
in this case, is required to obtain any inprovenent at all. In general,

the improvement in the lateral-control characteristics obtainable bK
neans of a boomnounted lifting surface appears to be |arger than the
i mprovenment in the shift of the aerodynamic center.

In evaluating the results discussed in the preceding paragraphs
several facts must be kept in mind. Concerning the specific calcu-
| ations described in this paper, as pointed out in connection with the
calculations for the tip tdnk, the assunmed wing stiffnesses may be
relatively too low near the tip conpared with actual practice, so that
t he magnitude of the various static aeroelastic effects may be over-
estimated Somewhat in these cal cul ations.
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Furthermore, in the calculations for the boommunted lifting sur-
face the effects of the upwash of the wing on the lift of the surface
and. of the downwash of the surface on the |ift of the wing tip have been
neglected. In the case of a rigid boomthe effects of the upwesh of the
wing on the lift of the surface can be taken into account by nultiplying
the lift-curve slope of the lifting surface by a factor g which is

one plus the value of the upwash angle per unit angle of attack of the
wing tip. The upwash angle can be cal culated by means of the charts of
reference 8. Sinilarly, in the case of a rigid boom the effect of the
downwash of the lifting surface on the |ift of the wing tip can be taken
into account by calculating a-factor 1, Which is equal to one ninus

the 'downwash caused by the surface on the three-quarter-chord |ine of
the wing at the wing tip;, again, the charts of reference 8can be used

to calculate this downwash angle, if desired. The elements in the last
columm of the aerodynam c-influence-coefficient matrix [QJ are then
nultiplied by this factor. TIn the case of a flexible boam the method
of analysis presented in this paper nust be nodified slightly; for
instance, the angle of attack of the lifting surface is then equal to
the angle of boom deformation plus the product of the angle of attack
of the wing tip and the aforementioned factor M,

Finally, no dynam c effects have been taken into account in the
calculations, nor can a simple correction be given for quasi-static
dynamic effects. However, qualitatively the quasi-static dynsmic effects
are adverse, i nasnuch as they decrease the normal force available from
the lifting surfate. The essentially dynam c phenomena, such as encoun-
tered in flutter, gusts, or abrupt maneuvers are also likely to be affected
adversely by boom nounted 1lifting surfaces, particularly by heavy sur-
faces W th [ong or flexible boons. |n general, all neans of improving
static aeroelastic characteristics by balancing the effects of bending
and twisting deformatione, rather than by stiffening the structure,
have certain difficulties in common. Exact balence is difficult to
achieve, and if it is achieved for one Mach number it may not hold at
others; certainly a condition of balance obtained at subsonic speeds is
unlikely to carry over to supersanic speeds. For does such a neans of
i nproving static aeroelastic characteristics necessarily improve dynemic
characteristics; in fact, nore often than not, it effects the dynamc
characteristics adversely.

As a result of these considerations no optimm boom mounted lifting-
surface configuration can be selected. Such a configuration depends on
the magnitude and nature of the aercelastic effects that nust be allevi-
ated and the weight penalty that can be tolerated in order to achieve
this alleviation. Even for a specific case the static cal cul ations
described in this paper cammot furni sh a complete answer, because from
a static point of view a surface wtth as large an area as possible on a
boom, &s | ong and flexible as possible wthout incurring local divergence

—
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woul d be desirable, whereas froma dynamic point of view these very
parameters are those that may have to be avoided. A small area ratio
Is likely to result in a-relatively ineffective lifting surface, whereas
a greater ratio is likely to be inefficient, in that the relatively
smal | additional alleviation of static =zeroelastic effects which it can
produce is likely to be overshadowed by the severity of the dynamc
phenomena for which it may be responsible as a result of its greater
mass and area. Before an optinumor conpronise configuration can be
deci ded upon, several configurations with boons of varying |engths and
stiffnesses Wi || therefore have to be analyzed for their static and
dynam ¢ aercelastic characteristics.

CONCLUDI NG REMARKS

A matrix-integration method has been presented for cal culating the
static aeroelastic characteristics of a wing with concentrated aero-
dynamic forces at its tip due to tanks or born-mounted lifting-surfaces.
A simplified method of calculation applicable to certain cases has al so
been presented, which is based on the concept of the semrigid wing and
utilizes the characteristics of the wng alone.

Some static aercelastic characteristics have been calculated for an
unswept wing with a tip tank and for a sweptback wing with several con-
figurations of boommounted lifting surfaces. The results of these
calculations indicate that a tip tank is likely to affect the static
aeroelastlic characteristics Of an unswept w ng adversely and that a
boa-mounted lifting surface geared to the aileron tends to relieve the
adverse static aercelastic characteristics of a sweptback W ng; the
shift of the aerodynamic center and particularly the loss of rolling
speed can be reduced in this manner. In the inprovenent of these char-
acteristics the length and flexibility of the boomare found to be sone-
what nore effective than the area of the lifting surface. The amount of
relief of adverse static aeroelastic phenonena is likely to be limted
by dynam c effects introduced by the use of these lifting surfaces, but
no such effects have been taken into account.

Langl ey Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va.
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TABLE I.- WING PARAMETERS

(a) Unswept wing

Valuea of

and

Giﬁiﬁiﬂ painter with Aerodynamic | nar gﬁé{‘ S? ﬁthout par\éa,rlrlel{eesr offith

par anet er s or thg‘ﬁll(‘t tip parameters tIp tenk tIp tank
A 5.16 Mg 0.8 0.8
» o 6 or,, 4.53 4.97
cgfc 0.2 Ca, 1.16 1.28
ha/b 0.5 K 0.0963 0.1136
‘ 0 % " n 8 8483

1, ' C e | 0 .
(e3) /(BT) 0.8 el 0. 0805

r r Cmu.t/cmu.

(b) Sweptback Wing

i
Geometricand §lues of param-

eter for subsonic
pramters | 0 oppmemie || pocnymant 3071 ST O, 2T
parameters flow flow

A 6

7& OLSO ¥ <. 8 >1.5
cue 0.3 . g 00 0. 1389
b /b 0.5 % - 0.2

e 0.45 e, 0. 2 0

(e3),, /(EI)r 0.8
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TABLE 2.- DYNAMIC-PRESSURE PARAMETERS AT Dl VERGENCE
AND AT ATLERON REVERSAL FOR SWEPTBACK WING WITH

BOOM-MOUNTED LIFTING SURFACES

Subsoni c, g* Supersonic, q
Jage | K, [dfcg | K [2%gp
Di vergence | Reversal |Divergence |Reversa
1 10 SEETE IR BT R 0.363 .- 5.92
2 0210 1 o | ----- . 332 ---- 5.21
3 02115 |0 m 0. 626 . 239 21.7 4.01
Iy ,0211.5 |1 o . 626 1.37 21.7 9.22
5 02115 |1 1 . 384 1.35 .- ----
6 02115 1] 12 277 1.35
7 02115 |1 1/3 . 217 1.34 .- ----
8 02120 |1 e . 409 1.38 1.6 9.76
9 .04 10 1 o | ----- . 312 ---- ----
10 ,0411.5 |1 o 312 1.36
11 04120 |1 © . 198 3*37
<REA
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Figure 5.- Lift distributions due to uniform angle of attack, |inear
antisymmetric angl e of attack, and aileron deflection for sweptback
W ng (subsonic speeds, Ky = 0.02).
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Figure 8.- Lift-coefficient ratio, shift in serodymamic center, rolling-
moment - coefficient ratio, and wing-tip helix angle for svvept Wing with

and without geared boomnounted lifting surfaces. (Subsonic speeds,
Ky = 0.02. )
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